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SPHERICAL FUNCTIONS ON SYMMETRIC CONES

P. SAWYER

ABSTRACT. In this note, we obtain a recursive formula for the spherical func-
tions associated with the symmetric cone of a formally real Jordan algebra.
We use this formula as an inspiration for a similar recursive formula involving
the Jack polynomials.

1. INTRODUCTION

In 1955, Carl S. Herz discussed the hypergeometric functions on the space of real
symmetric matrices in [8]. Such functions have been used in multivariate statistical
analysis in [11]. More recently, Gross and Richard [4] investigated the subject in a
context including complex and quaternionic matrices.

Jordan algebras provide a more general setting for these concepts (see [2], [3]
and [17]). Spherical functions, which can be thought as the building blocks of the
theory of special functions on these objects, can be defined in this context (see
Definition 3.1). Hypergeometric functions can then be expressed in terms of the
spherical functions (see [4, page 784]).

If we look at symmetric cones as symmetric spaces, our interest in spherical
functions is also rather natural. Indeed the spherical functions play there the role
the functions e*“? play for R™.

Let V be a finite dimension real vector space equipped with a positive definite
bilinear form (-|-). A cone Q in V is proper if QN —Q = {0}, and it is homogeneous
if the group of nonsingular linear transformations that fix Q2 is transitive. The dual
of a cone Q is Q* = {y € V: (z]y) > 0, Vo € Q — {0}}. A symmetric cone is then
an open proper homogeneous cone §2 such that Q* = Q. If V contains a symmetric
cone, a product can be defined such that

(1) zy =y,
(2) z(2®y) = 2? (zy).

With these properties, V' is a real Jordan algebra. In addition, it can be shown
that

(3) 22 +y? =0 implies z = y = 0.

With properties (1), (2) and (3), V is said to be a formally real Jordan algebra.

The symmetric cone then corresponds to the interior of the set of squares of V,
its “domain of positivity”. The process can be reversed. The interior of the set
of squares of a formally real Jordan algebra V is a symmetric cone. The space of
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positive definite real matrices is a useful example of a symmetric cone to keep in
mind.

The rank of V is defined as r = maxdim{R[z]: z € V}. There are unique
polynomials a1, ..., a. on V such that 2" —ay(z) 2"t +---+ (=1)"a,.(z) = 0 for
all z € V. We write trz = a1(z) and det x = a,(z).

It can be shown, see for instance [1], that if V is a formally real Jordan algebra,
then it has an identity element e, and that (z|y) = trz y is positive definite.

In this paper, we express the spherical functions associated with the symmetric
cone of a formally real simple Jordan algebra of rank r in terms of the spherical
functions of a Jordan algebra of rank » — 1. Lemma 3.2 is our first step. The advan-
tage of the formula given there is that it is “coordinate free”. In later results, we
have to choose a complete system of orthogonal primitive idempotents as explained
in Section 2. This is the price we have to pay in order to be able to give the more
explicit formula of Theorem 5.3, our first main result.

The work leading to the corresponding result for the positive definite matrices
can be found in our unpublished doctoral dissertation. However, the language of
Jordan algebras is not used there. With that proviso, the results leading to Theorem
5.3 are new. Our approach is greatly inspired by our interest in symmetric spaces
(see Theorem 4.1 and the lemmas leading to its proof).

Theorem 5.3 leads us to the second part of the paper, where we discuss Jack
polynomials. These polynomials can be constructed by applying the Gram-Schmidt
process to the basis formed by the power-sum symmetric functions with respect to
a suitable scalar product which depends on a parameter a. We will not expound on
this definition, as we will use instead the characterization given at the end of Section
2. There is a well known connection between the spherical functions of symmetric
cones and the Jack symmetric polynomials corresponding to certain values of the
parameter «. Since this parameter is clearly apparent in the formula contained
in Theorem 5.3 (v = 2/m), it is natural to ask whether this formula is valid for
other values of the parameter even if the correspondence with symmetric cones is
no longer valid. That lead us to the second main result of this paper, Theorem 5.6,
which gives an affirmative answer to that question.

A natural question for any result is whether it is any help to the existing theory.
We tested our formula against a conjecture of Macdonald’s (Conjecture 5.9). This
conjecture states that the coefficients of the Jack polynomials when expressed in
terms of the basis of elementary symmetric polynomials are themselves polynomial
functions of the parameter a. This conjecture, if it is true, implies in particular
that Jack polynomials can be defined for any value of the parameter. We conclude
the paper by obtaining some partial results that are sufficient to settle the case
when there are at most three variables (the case of three variables is new).

2. SOME NOTATION

In this paper, the notation referring to Jordan algebras and spherical functions is
based on that of Faraut in [2] and in [3]. We will assume that the finite dimensional
Jordan algebra V over the real numbers is formally real and simple. For z, y € V,
let (z|y) = tray (tr = trace) and let || - || be the associated norm. If ¢ € V is an
idempotent then V(c,a) = {x € V: cx = ax}. The set of primitive idempotents is
denoted by I;. Suppose the rank of V' is r, and that a complete system of orthogonal
primitive idempotents {e1,...,e,} is chosen. We then write V;; = V(e;,1/2) N
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V(ej,1/2) for i # j and m = dim Vj; (m is independent of ¢ and j). If z € V,
its Peirce decomposition with respect to {e1,...,e,}isz =3 1_, &ei+ ZKJ- Tij,
where §; € R and z;; € V;;. The measure on compact spaces will be assumed to
give them a total mass equal to 1.

For the notation referring to partitions and symmetric functions one can refer
to [9]. A decreasing sequence of nonnegative integers s = (s, $2,...) with only
finitely many nonzero terms is said to be a partition of |s| = 3 s;. The conjugate
of sis s’ = (s},sh,...) where s, = card{j: s; > i}. The length of s is I(s) =
max{i: s; # 0} = s}|. Given two partitions s and ¢, we write s < ¢t if |s| = |¢| and
Zle s < Zle t; for each k. If I(s) < r, one often writes s = (s1,...,8;). The
partition (1,...,1) of length » will be denoted by 1.

The monomial symmetric function indexed by the partition s can be seen as a
function on an arbitrary number of variables such that all but a finite number are
equal to 0: if A; = 0 for 4 > r > [(s) then mg = ms(A1,..., Ax) = > ATt - A7,
where the sum is over all the distinct permutations {o1,...,0,.} of {s1,...,8.}
and if I(s) > r then mg(A1,...,A.) = 0. A symmetric function f is a linear
combination of monomial symmetric functions. If f is a symmetric function then
fa,o. o A,0) = f(A,..., ). For each 7 > 1, f(A1,..., ) is a symmetric
polynomial in r variables. Note that if N < r, the restriction to r variables is an
isomorphism of the symmetric functions of degree at most N and the symmetric
polynomials in r variables of degree at most N (see [9, page 12]).

The elementary symmetric function indexed by the partition s is defined by

I(s)
65()\1, .. .,)\7«) = H esi()\h e '7)\7‘)7
=1

where ex(A1, .., Ar) = D5 ciocnciy Ain ot iy if 7 > 1(s) and 0 if r < I(s). The
power-sum elementary symmetric function indexed by the partition s is defined by
Ps( A,y Ap) = HZ 1 ps; (Moo A), where pr(Ar,...,A) = Yoi_; AF. Given a
parameter o, we can characterize the Jack symmetric function g by the following
three conditions:

TN LA = D ve@)me(A, - A,

t<s

J9a,.. 1) = a's‘ﬁ((r—i—l—l)/a)si,
Dy(2/a) I A, A) = Aoy s) (AL A

where (8), =[[i=, (B+i—1), v(a,r,8) =, si(si—1+2(r—i)/a) and

~ 10

See the remark at the end of [10, §2], and [15, Theorem 3.1 and 5.4]. Note that
these conditions can easily be stated in a way to admit the case « = 0. We then have

O = ([T'—; (r —i+1)*) ey. Note also that if r < I(s) then JS(O‘)(/\l, o Ar) = 0.
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3. PRELIMINARIES

Definition 3.1. Fix a complete system of orthogonal primitive idempotents
{e1,...,e.} in V. For all x € V, there exists k € K = (Aut(V))o, the connected
component of the group of automorphisms of the Jordan algebra V containing
the identity, and \; € R, 1 < j < r, such that z = k327, A\je;. Let V; =
V(ep +---+ej,1) and, for z € V, let 219) be the orthogonal projection of x on V;.
Let Aj(x) = det;(2\9)), where det; is the determinant relative to the Jordan algebra
V. If s = (s1,82,...,8,) then let Ag(x) = Aq(x)% 72 Ag(x)%27%8 ... A, (z)%r.

Let Q be the symmetric cone associated to V' (the interior of the set of squares
of V). The spherical function of index s = (s1, s2,...,S,) evaluated at z € € is
given by

B, (z) = / A, (k) dk.
K
Observe that ®4 does not depend on the choice of a complete system of orthog-
onal primitive idempotents, since K is transitive over such systems. For the same

reason, P,(z) depends only on the eigenvalues of . We will alternatively write
D(Ay,..., \) instead of Dy(x).

Lemma 3.2. If everything is as in Definition 5.1, then
Bo(x) = (deta)™ / By o 1r(Ple — o)(x)) dv(c)
I

where s—s,-1" = (s1—$,, $2—5r, ..., Sr—1—5,) and P is the quadratic representation
of V. (P(y) = 2 L(y)? — L(y?), where L(y) denotes the multiplication by y in V).
The spherical function ®s_s .1 is defined on the symmetric cone associated to the
Jordan algebra V (c,0).

Proof. Fix x € . There exists a complete system of primitive idempotents
{e1,...,e,} such that x = 3., \;e;. According to the observations following Defi-
nition 3.1, we can use the system {e1,...,e,} to define ®4(z). Let U = {k € K:
ke, =e,}. Now,

/As(k-x)dk - /As(k-‘la:)dk:/ /As(u‘lk‘lx)dudkK/U
K K KU Ju

/ / As(uk™' z) dudkg )y
x/u Ju
= (detx)’r /11 O, 1-(Ple —c)(x))dv(c).

We need to justify the last equality. Let c = ke, € I; and let det; and V; be as in
Definition 3.1. Now, A, (kuk™tz) = det(kuk~'z) = det(z) and, if 1 <j <r—1,

Aj(uk™) = det; (projy, (u k) = det; (projy, (u k=1 P(e —¢)(z)))

= det( Z e; + Pfojvj(u k™! P(e — ¢)(x)))
i=j+1

= det(k™" ( Z ke; + projvj/(lculc_1 P(e —¢)(2))))
i=j+1
= det (projy; (v Ple — (&),
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where det;- is the determinant relative to the Jordan algebra

Vi=V(ker+---+kej 1)

andv=kuk'eU={ke K:kc=c}= Ufil (Aut(V (c,0)))o k; where k; € U.
The latter is a disjoint union where N does not depend on c € I;.

We need to verify that P(e — c)(z) € Q(V(c,0)). Suppose x = ac+ x1/2 + o
with z; € V(e, i) (the Peirce decomposition with respect to ¢). It suffices to show
that L(zo) is positive definite on V(c,0). If y # 0 € V(c,0) then (L(zo)yly) =
(oyly) = ((x — z1)2 — ac)yly) = (zyly) = (L(2)yly) > 0. O

4. INTEGRATING OVER THE PRIMITIVE IDEMPOTENTS
The main goal of this section is to prove:

Theorem 4.1. Let {ey,...,e.} be a complete orthogonal system of primitive idem-
potents. Given the Peirce decomposition’y ;_, Bie;+Y .. ¢ij of ¢ € I with respect
to that system, write 5;(c) = B;. Then

. f(Bi(c)s -, Br(c)) dv(c)
Tm/2 m/2)
T /fﬂl,...,m (Hﬁ - ) B,

where 0 = {(B1,...,B): Yoi_y Bi =1 and 3; > 0 for each i}.

We will use induction on r, the rank of the Jordan algebra. An essential ingre-
dient for this induction is the following result.

Lemma 4.2. Let ¢ € I;. Let S™=D-1 = {y € V(c,1/2): ||yl = 1}, let be
dv(y) be the unique measure on S™(r=1=1 which is invariant under the group of
linear transformations of V(c,1/2) preserving || || and such that [g,.—1-1 dv(y) =
1. Then if I;(V (c,0)) is the space of primitive idempotents of the Jordan algebra
V(e,0), we have

[ @@ = [ ree-o a
I (V(c,0)) gm(r—1)—1

(dv(d) is the usual measure on I;(V(c,0)) seen as a symmetric space).

i<J

Proof. From standard results and from the proof of [7, Theorem 2.2], it is clear
that the map which sends y € S™""V=1 to 292 — ¢ € I;(V(c,0)) is surjec-
tive. It then suffices to realize that the measure on I;(V(c,0)) defined by u(f) =
Jgme—1-1 [ (2y* = ¢) dv(y) is invariant under {k € K: kc = c}. The connected
component of that group which contains the identity can be identified naturally
with the connected component of the group of automorphisms of V(¢,0) which
contains the identity. |

4.1. An integral formula for the integration over the primitive idempo-
tents. Let £ be the Lie algebra of K. Fix ¢ € I, let U be the subgroup of K that
leaves ¢ unchanged and let u be its Lie algebra. We have the following decompo-
sition: € = u + p., where p, = {4[L(z),L(c)]: = € V(¢,1/2)}. If p. = ip, then
go = u + p is the Cartan decomposition of the dual Lie algebra gg of £ (see [6] for
details). In that context, the following computations are useful.
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For z € V(¢,1/2), we have according to [7]

et L)L) o — cos2(\/§||x||/2) c+ 1 Ll\/ﬁ [kl x

2) 2 V2|
. 22— (|z||?/2) ¢
+sin? (V2 ol 2) = (L L2

Let z, y € V(e,1/2) and define Ty, : V(e,1/2) — V(e,1/2) by

[4[L(z), L(c)], [4 [L(z), L(0)], 4 [L(y), L(o)]]]l = =16 [[L(x), L(c)], [L(z), L(y)]]
= 4[L(Tu(y)), L(c)]-
The first equality is a consequence of [7, (3.5)]. To check the second equality, it

suffices to apply both sides to y; € V(c,1) for i = 0, 1/2 and 1. Now, there exists
C # 0 such that

(3)
_ 4[L(2),L(c)] T
: f(d)dv(d) =C en/vE f (e c) det (ng_o @n 1) dz

(see for instance [5], where the volume element is derived in the noncompact case).

Lemma 4.3. Let ¢ be a primitive idempotent and let x € V(c,1/2) be nonzero.
The eigenvalues of the map T, given above are 0 (with multiplicity 1), —2 ||z||?
(with multiplicity m — 1) and —||z||?/2 (with multiplicity m(r — 2)).

Proof. There exists {e1,...,e.}, a complete system of orthogonal primitive idem-
potents, such that z = >, A;e;. Since we have Y | | A; = 0 we can, with-
out loss of generality, assume that A; and Ao are nonzero. Now, we can write
c= >, 0ie+ ZKj ¢ij, where Y0 B; = 1 with 8; > 0 for each i and
cij € V(e 1/2) NV(ej,1/2) (Lemma 5.1). From cx = z/2, we see easily that
Bi\i = X\;/2 for each i. This in turn implies that f; = B2 = 1/2 and that
B; = 0 for i > 2. Tt follows then that A\; = —\y = =£||z||/v/2 and that \; = 0
for ¢ > 2. Furthermore, we get that ¢;; = 0 unless ¢ = 1 and j = 2, and that
|lc12]|? = 1/2 (again, Lemma 5.1). Similar considerations show that if y € V(c,1/2),
then y = ax +y12 + 3,09 Y15+ 2o j50 Y25, Where a is a scalar, A(y12 ¢12) = 0 and
yij € V(ei,1/2) NV (e;,1/2). The rest follows easily from that. O

. m—1 . m(r—2)
o T;l sin(v2 ||z]| sin(v/2 ||z /2
Corollary 4.4. det (ano (2n+1)!) = ( \(/5”1” )> <W> .

Proof. A direct consequence of Lemma 4.3. |
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4.2. Proof of Theorem 4.1.

Proof. We incorporate the results of Lemma 4.2 and Corollary 4.4 with equations
(2) and (3), taking ¢ = e1. Let u = 2 ||z| and y = 2/||z|| = vV2x/u.

(4)
’ f(d)dv(d)

=C /O’f f (cos (u/2)e1 + 31/2 (sinw) y + sin® (u/2) (22 — el))

§m(r—1)—1

' (2 sin(u/Qi cos(u/2)>m—1 <%)m@_2> ™D qu du(y)

- M 1 e inu _ 2_,
~ (T(m/2))" /SM(HH/O f<51 1+23/2 (sinw(B1)) y+(1—p51) 2y 1))

.5£m/2)_1 (1 — 3™ =921 a8, du(y) with 31 = cos®(u/2).

We chose C' so that [, dv(d) =1 (since we assume that [q. 1. dv(y) =1).
To complete the proof, we use induction on r > 2. Suppose

f(d) = g(ﬁl(d)v s 7ﬁr(d))
If r =2, (4) becomes

T
DD = e e

where 82 = 1 — 31. Suppose the result is true for r — 1, where r > 3. It is clear
from (4) and Lemma 4.2 that

_ D(mr/2) B
iy = g [ [ o) )

T (1—61>m<“1>/2—1n§’“/2’ LM gy gy dB

where o/ = {(n2,...,m): i > 0, >._, m; = 1}. The result follows easily from
there. 0

1
/ 9(Bu, Bo) AP gL/ g,
0

5. THE RECURSIVE FORMULA

Lemma 5.1. Let {e1,...,e.} be a complete system of orthogonal primitive idem-
potents. Let 22:1 Bi eH—ZKj cij be the Peirce decomposition of c € V' with respect
to that system. Then c is a primitive idempotent if and only if

Zﬂi = 1 and 8; > 0 for all i,

i=1

e = 288 (i # 4),

ciscjs = (1/2)Bsci; (i, j and s distinct).
For convenience, c;j is interpreted here as cj; if 7 < 4.

Proof. In the computations that follow, [2, Propositions IV.1.4 and IV.2.4] are
particularly useful. Suppose that ¢ € I;. From ¢ = ¢2, one finds also that 3, =
B2+ 3 D itp llepsl|? for all p. From this, and from tre = 1, one sees that the first
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condition is verified. It is also clear that 8, = 0 if and only if ¢,; = 0 for all
j # p. For any given s, we have P(c)(es) = a; ¢ for some scalar a;. If we expand
the left hand side of that equation and use the above, we find that 32 = a3,
cis cjs = (1/2) as cij and [leis]|? = 2a5 B; (i, j and s distinet). If 35 # 0, we have
that oy = s, which gives us the second and third conditions for these indices. If
Bs = 0, then these conditions are true anyway since this implies that ¢;s = 0 for
each s # 1. It is easily verified that the conditions are sufficient. O

Lemma 5.2. Let x = A1 e + - + Ar e, where {e1,...,e.} is a complete system
of orthogonal primitive idempotents and Ay > Ao > -+ > X\ > 0. If Y1 Bie; +
ZKJ- cij is the Peirce decomposition of ¢ € Iy with respect to that system and
Pe;)(c) #0 for 1 <i<r, then P(e —c¢)(z) = Y., piw;, where {wq,...,wr—1}
is a complete system of primitive idempotents of V(c,0) and

(5) AL > 1> A > g > > Ap1 > fin—1 > Ap,

-1
5 - =)
b Hz;ép(AZ AP)
Conversely, given 1, ..., in—1 satisfying (5), there exists a primitive idempotent

¢ for which the conditions of the lemma are satisfied.

Proof. In what follows, we will use Lemma 5.1 repeatedly. Suppose

w_znzez+zwz]

1<j

is the Peirce decomposition of a primitive idempotent appearing in the spectral
decomposition of g = P(e —¢)(z) and that w corresponds to the eigenvalue p. We
then have zo w = pw.

Using the Peirce decomposition of z with respect to ¢ and the relation zo w = pw,
we have zw — pw € V(c¢,1/2). Using this fact and the Peirce decomposition
of x with respect to w, we have xw — pw € V(w,1/2). Hence, zw — pw €
V(e,1/2) NV (w,1/2), which implies that

1
(ww—pw)’ =3 llew—pw|* (w+ec).

Since
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it follows that

1 1 | < /\ + Aj
5 lvw—pwl® =2 |37 = nf + D0 (5 = ) w1
_i:l 1<J
1 |« A + Aj
=5 | a2 YA i,
_1 1 1<J
LI ANitA
=5 1222 (5 ) i
z:l j=1
1 T s 2
- m—m]
i=1 i=1
-l py
=1 .

Since tr z = 0 whenever z € V(d,1/2), where d is an idempotent, we find that
(7) B= Z Ai — tr(zw — pw) = 0.

If we consider the coefficient of e; in the Peirce decomposition of (zw — pw)? =
4 (w + c), we obtain

1 Ai + A
L 2,2 - E 1 P

p<i

2 2
1 i+ A
—@H%W+5Z< 2pﬂQH%W

p>i

A
= 1 (ni + Bs).

This is the same as

Ai + A ? Ai + A ?
(Ai—u)anﬂLmZ( 5 ”—u) np+m2( 5 p—u) Ty

p<t p>i

= % (ni + Bs)-

This is also the same as 7; ) (A — 1) + (Ap — p))? 1 = A (i + Bi) or, using
(), i (Ni — )2 +m; Z;Zl (Ap — )% n, = A (n; + Bi); if one adds over i, 1 <i <r,
one finds that A = Z;Zl (Ap — p)*mp. This, with the previous equation, implies
A= Z;:1 (Ap — 1)?n, cannot be 0. Suppose it is; since by Lemma 5.1, the 7,
cannot all be 0, it means that @ = A, for some p and that n; = 0 for ¢ # p. We must
then have w = e, (recall that n; = 0 implies wp; = 0 = wy,; for all ¢ and j not equal
to p). But cw = 0 implies 5, = 0, which is not true since we assumed P(ep)(c) # 0:
contradiction. The equation (\; — p)?n; = A; in turn implies that u # \; for all
i, since the f; are nonzero. Hence, for each i, n; = A (/\Lﬁ——u)z Summing both sides
over 1 <i<r,wegetl=A>", (AB_—LHV The projection on V;; of the equality
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A (w+c) = (zw— pw)? gives
T

A Ai + As As + A
e (20 (20 e

and
4Dy = Y 0 (=) + s = 1) (A = 1) + (As = )

s=1

= (A\i—p) Zns it A —2p) Znsx—)

s=1
+ Z s (As - ,u)
s=1
= - —p+B+A=N—p)N —p)+ A
If we put everything together, we find that w;; = A W Since this is

true for every eigenvalue p of P(e — ¢)(x), this implies (6).
Let p1 > -+ > pr—1 be the eigenvalues of P(e — ¢)(z). From (7) and from the
expression for 7;, we have Y . _; > ﬁ_s -=0. If ¢ <j, then

T T

% ) Y

0= — 7
p— )\s — Mg =1 )\s - /14] — ()\s — /J'l)()\s — /'LJ)

which means that we cannot have i < j and A, > p; > p; > Apy1. We then have
)\1>M1>)\2>M2>-'->)\n_1>/Lr_1>)\T.
Letl/i:iforlgigr—landunzo. We have

Z 0 if1l S ) S T — 1,
1 — v, 1 ifi=mn.
Using the formula

#] _ g (@i = a) Ty, (Bi — Br)
1—aifBrliciper [Ticy TThey (1 — cifBe)

det [

of [16, page 202] and Cramer’s rule, we find that

H::_11 (i — Ap)

= T, =)

The converse is easily verified using Lemma 5.1. O

Theorem 5.3. In the notation of Definition 3.1 and Lemma 3.2, if r = 1 and
A= (A1) with Ay > 0, then ®,(A\) = AT Ifr > 1 and A = (M\1,...,\) with
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A1 > X > > A\ >0, then

T(mr/2) 1o s
By(Miy.. o N) = ﬁ 1;[1 AT

/ Bomsprr | D Bie V) (B )P dp
7 J=1 1<i<r—1
L'(mr/2) m T
= i— AT AlT
T(m/2)7 H Dl
Ar—1 A1
/ / @S_ST.]_T(/,[/17...7/,[/T_1)
Ar Az
r—1 r
HH|M1—)\|m/2 1H — pp)dpr ... dpr—q
1=1j=1 i<p
where, in the first equality, o = {(B1,...,B;): > i_y Bi = land B; >0 for each i},
we express Ps_g v (1, ..., r—1) as a function of the elementary symmetric poly-
nomials eq(p), 1 < g <r—1, and write 6(3)()\) =eq( A, s N, A1y A

Proof. If we refer to Lemma 3.2, we need to compute the measure dv(c) there in
terms of the eigenvalues p; of P(e —¢)(z). Most of that work is done in Lemma 5.2
(the restrictions on ¢ there only concern a set of measure 0). Using straightforward
calculus,

D(3;) _ Hz<p(,u ,up)

D(p5) Hi<p()‘l = Ap)
Note too that 8, = H:_ll(lh = Ap)/ILigp(Ai = Ap) for 1 < p <7 is equivalent to

Sy Bp=1and e;(p) = Ej 1 Bje (J)( A) for 1 <4 <r—1. From that and from
Theorem 4.1, the conclusion is straightforward. O

The work leading to Theorem 5.3 is, in a way, a refinement of [12, Chapter 1].
Note that in the case r = 2, we have

q)s()\l, )\2) = )\il )\32 2F1(—(81 — 52),m/2;m; ()\1 — )\2)/)\1)
Definition 5.4. Let m be any complex number with ®m > 0 (R = real part).
We define the function @gm)()\) recursively as in Theorem 5.3 (replacing ®s(\) by
<I>gm)()\) to indicate the dependence on the parameter m).

Lemma 5.5. Let Dy = Y. A\ -. Then the functions @é””()\) are smooth,
d™(1,...,1) =1 and Dy BT (\) = (s1 + -+ + 5,) TV (V).

Proof. Using the first equality of Theorem 5.3 and induction, the result follows
easily (one finds that (™ is homogeneous of degree s1 + -+ + s). |

Theorem 5.6. Suppose that ®m > 0 and that s is a partition of length at most r.
If/\: ()\1,...,)\7«) with A\ > Xg > -+ >\, >0, then

T O, 2/m"H (r=i+1)/2),, 0,0, M),
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This is a generalization of [17, Proposition 2.4], which corresponds to the case
r=2.

Proof. Form = 1,2, 4 and 8 (r = 3) this is a consequence of Theorem 5.3 and of the
relation between the spherical functions of symmetric cones and Jack polynomials.

We need to check that the three conditions that characterize J{*/™ (N), as given
on page 3571, are satisfied. The first equality of Theorem 5.3, and induction,
guarantee that @gm)()\) is a symmetric polynomial of the form ), . vs+(c) ms(A).
The second condition is clear since <I>§’”)(1, ..., 1) = 1 by Lemma 5.5. It suffices
then to show that Ds(m) (™ A =~(2/m,r,s) @gm)()\), where Ds is given by (1).

Let HA) = {pp = (1, ftr—1): N > g > Ay, 0 =1,...,n — 1}, dv(u) =
ey (i = p3)™ /(ui -+ - 17 y) dp and

SlMh) = T I == s

J2)"
H [T gl Hul
=1 j=1

Assuming for the moment that ®m is large enough, we can make use of the fact
that Sy, (A, 1) and its derivatives of low order are 0 on the boundary of H(\). The
differential operator Dy(m) is as in (1), and D% (m) is the corresponding operator
in the » — 1 variables y; (similarly for Dy introduced in Lemma 5.5 and for D).

The functions ®{™ being as above, we have
Dy(m) ®{™(N)

—ron (s, = Lbm(r=1)/2) [ [ @l L) S vl

i=1 H(X)

+2s [ A / ™) (1) D Sy (A 1) ()

i=1 H(XN)

T N / &) (1) Da(m) (M, ) di ()
i=1 H(X)

=78 (sp—1+m(r—1)/2) ™))

T

+ 25, H AlT

i=1

‘ / (I)Sfir-r(ﬂ) (—Dy + r=1)@ _; @-nm) ) S (A, ) dv ()
H(\)

I [ el
E H(\) o

r—=1D2+2-r)m)
2
=rs (s, —14+m(r—1)/2) (™))

- (Dy(m) —m Dy +m ) Sm (A, ) dv(p)

T

b @sm) LA [ DL ) Sl p) dv(a)

i=1 H(X)
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+HAST / Dhm) ). (1) S (s 1) (1)

sy (sr —1+m(r—1)/2)

S—5p-

r—1
+(2 s, +m) Z i—Sp) +y(m,r—1,s—s.-1") (™) ()
i=1

= y(m, 7, 5) &M (N).

The first equality is obtained by applying Ds(m) inside the integral (recall
that ®m is “large enough”). The second equality is just a matter of computing
the respective terms. The third equality is just an application of integration by
parts (D} (m) is symmetric with respect to the measure dv(p) and the transpose of
-Di + w with respect to that measure is D}). The fourth equality
is a consequence of the induction hypothesis and of Lemma 5.5.

Finally, using analytic continuation allows us to remove the restriction on $tm.

|
Corollary 5.7. The functions @(m)()\) can be extended analytically to m € C —
{-2p/q:q=2,3,...,7 and p > 0 is an integer not a multiple of q}.
Proof. Clear from the first equation of Theorem 5.3. O

Definition 5.8. Let A = (Ay,..., An). If I(s) < r, write

(2/m) Z det(2/m) e (N).

t<s

Define S{") = {m € C*: 2/m is a pole of one of the functions ds}.

Conjecture 5.9 (Macdonald). The coefficients ds.(a) are polynomial functions of
a.

Since the coefficients ds are rational functions, they are all polynomial functions
if and only if SgT) = [ (since the coefficients ds; are analytic at 0). The conjecture
is also equivalent to Ji/m (M) being an analytic function for m € C*. Note also
that Sg) - S§T+l) for each r, since JS(Q/m)()\l,...,)\T) = JS(Q/m)()\l,...,)\T,O).
Furthermore, S§’") C SgN) for each r > 1, where N = degree JS(Q/m).

Lemma 5.10. We have S = 0 and, forr > 2, S S 1r U{-2p/q: s; <
p<5i—l_5T7i:27"'7r71<q<r Q/rp}
Proof. Let

Ky o(m) = J™(r) /720, a1

. T (=it 1)/2),
= (Q/m) T(mr/2)sl ]:[2 (m(T_i+1)/2)5'71—5 '
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Using the first equality of Theorem 5.3 and the relation between JS(Q/ ™) and
3™ one has

JS(Q/m)(/\) — K’r,s(m) % H /\?

YR DI By Br) /D~ g
j=1 1<i<r—1
T(mr/2) .
- Krs i
+0m) gy 11V ||<Z-

/ Pé,’?lsr.ym G B (By e B) MDA

: Krs(m) TTiy (m/2)a,
= I P ()= = 7'
'U | <Z_ ! (m7/2)ja
a|<s1—sr
s .10 (A), if any, belong to Sg s 17 The term
(mr/2)s, takes care of the denominator (mr/2)|,. The additional poles, if any,
will come from

The poles of the functions pm

|

- (m(r—i+1)/2),,
11 (

m(r—i+1)/2)

1=2 Si—1—Sr

s

Lemma 5.11. 4/m € J,»,; S S, ) if and only if m € Uns1 Ss

Proof. For any partition s, we have J'*) = Yocse(a)pe. I 4/mo & U, ngl),
then 4/mgy ¢ ng"’), where ng = max{l(t): cs+ # 0}. The set of polynomi-
als {pe(m,.-.,Mny): Csrt # 0} is then linearly independent; therefore the coeffi-
cients ¢y, must be analytic at o = 2/(4/mg). Now, [15, Corollary 3.5] implies
that J&&/™ = S (=2/m)l*=1® ¢, (2/(4/m)) p;. We can conclude that mg ¢
U~y 8™, since J&*™ is then analytic at m = mo. The converse follows in
the same way. O

Lemma 5.12. Suppose A = (A1,...,\.). Then
TP ) = 2/m)" s [T nr =i +1) + s = s0)s, e T,

i=1

Proof. Clear from the first equality of Theorem 5.3 and the relation between @gQ/ ™)

and J&/™ O

Corollary 5.13. S{" CSS po1r -
Some partial results:
Proposition 5.14. Macdonald’s conjecture is true for r < 3.

Proof. Tt is clear that S(T) = () when r < 2.

Suppose r = 3. Using Lemma 5.12, it clearly suffices to show that S§3) = () for
all s with s3 = 0. This means that s’ = (2-1%2,1°27%2). Lemma 5.10 shows that
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forn > 1, ngl) C {-2/q: 1 < g <n}. Lemma 5.11 implies that if s # () then it
can only contain even integers, which is absurd by Lemma 5.10. O

CONCLUSION

The version of Theorem 5.3 given in our doctoral dissertation [12] is also used
to “inspire” some of the results in [13] and in [14]. In both these papers, we need
Fourier analysis on the symmetric space in order to study the heat kernel and derive
appropriate bounds. In [13], modifying the domain of integration in Theorem 5.3
leads us to an expression for the inverse of the Abel transform (a result similar to
finding the inverse of the Fourier transform). In [14], our goal is the same but our
inspiration follows a much closer path to the present paper, although, in [14], s is
no longer a partition.

Theorem 5.6 provides a natural extension for the limited connection that al-
ready exists between the Jack polynomials and the spherical functions of symmetric
cones. One can say that, up to a known constant multiple, the Jack polynomial
parametrized by « and indexed by s is the spherical function indexed by s and
associated to the root system A,_; for the multiplicity 2/«. While the reasoning
used in the proof of Proposition 5.14 does not work for r > 4, it can be hoped that
a refinement would lead to a general proof of Macdonald’s conjecture.
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